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Abstract

A feedback model for wear-type rail corrugation has been modified to account for vehicle speed variations over

successive passages, so that the effect on corrugation amplitude growth can be investigated. The feedback model

encapsulates the most critical interactions occurring between the wheel/rail structural dynamics, rolling contact mechanics

and rail wear. Using this model, numerical and analytical investigations are performed to quantitatively identify the effect

of deliberately changing the speed of successive vehicle passages in a statistically controlled manner. The effect of different

initial track profiles on the results is also investigated. The results provide insight into a possible alternative means of

retarding wear-type corrugation growth.

r 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Rail corrugation is a significant problem for the railway industry worldwide. The type of corrugation on
which this paper focuses is known as wear-type rail corrugation and is a particular concern to industry. Rail
corrugation is a periodic irregularity that is observed to develop on the running surface of the rail with use.
It is characterised by long (100–400mm) and short (25–80mm) wavelengths. This irregularity grows in
amplitude as a function of the number of passes, until removal by grinding is required to ameliorate the
excessive noise, vibration and associated problems caused by the corrugated rail. This grinding is expensive
and represents a substantial cost to the railway industry [1]. There have been some techniques suggested to
delay the onset of corrugations, such as rail hardfacing, but a reliable remedy, other than grinding, remains
elusive.

The high cost associated with removing corrugations has motivated much research into the prediction and
prevention of corrugation. Research in Germany [2], Sweden [3], Japan [4] and elsewhere has resulted in the
development of simulation methods which make use of complex finite element simulations of the track
dynamics along with numerical models of the rolling contact mechanics. These models are useful in that they
have successfully modelled the development of corrugations and also led to the identification of behaviour that
is characteristic of corrugation formation. Recently published results can give an idea of the level of
sophistication attained by such advanced models. For example, Gomez et al. [5] provides a review of recent
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efforts in the comprehensive modelling of track dynamics using numerical algorithms and provides a finite
strip method for calculating the dynamics of the rail. Wu and Thompson [6] give a frequency domain model
which allows for the wave interaction between subsequent wheelsets and also for the change in effective
contact radius as the wheel moves along the corrugated rail profile. Jin et al. [7], provides a numerical model
for corrugation formation which includes non-Hertzian rolling contact theory with a model for the lateral and
vertical dynamics of a half-car traversing a curved track. This modelling seems to indicate corrugation
initiation is possible from sleeper passing effects only and that the leading wheelset of the bogie is the most
significant in causing corrugations. Andersson and Johansson [8] give details of a model that consists of two
wheelsets and a bogie frame combined with two rails with discrete support based on finite element modelling.
The contact model is based on the FASTIM algorithm [9]. A result indicated by this model that is relevant to
the work in this paper is that changing the vehicle speed seems to change the wavelength of corrugation
formation. One shortcoming of such models, however, is the excessive computational expense of performing
parametric investigations into trends that may reduce corrugation formation. It is thought that this limitation
may be overcome by simpler analytic models of corrugation formation.

Progress on analytical modelling of the growth of wear-type rail corrugation has been achieved by a number
of authors over the past 50 years (see Sato et al. [1] for a comprehensive review). Modern examples of such
models can be found in the work of Bhaskar et al. [10], Muller [11] and Nielson [12]. In Refs. [11,12] the effect
of including nonlinear contact mechanics on the development of wear-type corrugation was discussed.
Analytical predictions showed that certain wavelength ranges of corrugation were promoted due to a
wavelength-based contact filtering effect. However, the effects of dynamic wheel/rail contact forces were
ignored. In Refs. [10,11] investigations were performed into the stability of the interaction between structural
dynamics and contact mechanics. Both of these studies predicted stable systems using realistic parameters;
however, they only considered the system behaviour over one wheelset passage. In Meehan et al. [13] the
interaction of the structural dynamics and contact mechanics over multiple wheelset passages was successfully
investigated. This showed that there was instability and hence exponential growth of corrugations over
multiple passages and a closed-form analytic expression for this growth rate was obtained. The growth rate
predictions of this model were then validated against a comprehensive finite element model. The effect of
variable pass speeds on corrugation growth has not been investigated, however and shall be addressed in this
paper.

The model described in this paper builds upon the analytical model described in Meehan et al. [13],
however, the effect of wheel pass frequency is not considered, i.e. it is assumed that the dynamics of the
previous wheel pass have died away before the current wheel pass occurs. This is similar to the infinite pass
delay model used in Song and Meehan [14]. It has been altered in this paper so as to account for different train
speeds on consecutive passes. This should not be confused with varying speed, i.e. accelerating or decelerating
during each pass, which is not considered here. This model uses a multiple degree of freedom modal
description of the wheel and rail dynamics, a linear contact mechanics model and a feedback mechanism
where the rail profile exiting a wheel passage is fed into the next wheelset passage. It allows for an investigation
into any reduction in growth rate that may be achieved by using different pass speed distributions, for a range
of initial track profiles. These results provide insight into a possible method for reducing corrugation growth.

In particular the major contributions of this paper are:
�
 The development of analytic solutions for the detailed rail profile history for a range of input profiles, where
the vehicle speed changes on each pass.

�
 The development of a useful expression for quantifying the corrugation growth rate due to a distribution of

train speeds. Using this expression an investigation into how different speed distribution shapes affect the
corrugation growth rate has been provided.

�
 A theoretical proof that maximum corrugation growth rate occurs under constant pass speed conditions.

�
 The development of a closed-form expression of the error in growth rate induced by artificially accelerating

the wear coefficient during numerical simulations.

To this end, a model of corrugation growth under the conditions of a probabilistic distribution of pass
speeds will be presented. From this model, analytical solutions for the rail profile history under different
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corrugation initiators will first be developed. A transfer function between initial and final rail profiles in
Laplace space will be described and subsequently used to derive a frequency response expression for the
corrugation growth mechanism. Results from probability theory are then used to evaluate the expected
frequency response due to an arbitrary distribution of pass speeds and from this expression the corrugation
growth rate shall be calculated. It is then shown that the growth rate will be maximised under the condition of
same speed passes by applying a matrix norm inequality to the frequency response. These theoretical results
are then compared against the results of a numerical simulation. Finally an investigation on how the
properties of the speed distribution affect the corrugation growth rate and corrugation wavelength will be
presented.

2. Corrugation model

2.1. Time-domain model

The variable speed model used in this paper is an extension of the model used in Song and Meehan [14].
The system diagram for this feedback model can be seen in Fig. 1.

This model can generally be described in four stages. The first stage (I) is where the initial rail profile excites
the dynamic components of the wheel–rail system. This leads to a variation in contact forces, which in turn
affects the contact mechanics (II). The variable contact mechanics leads to a variation in the wear process (III)
and this worn rail profile is fed back into this system over successive passages (IV).

This general representation of corrugation formation was used in Meehan et al. [13] to derive a
mathematical model by considering a modal description of the dynamics (I), a linear contact mechanics model
(II), the frictional work hypothesis to derive a wear relationship (III) and a finite passage delay for the
feedback process (IV). A modal description of the wheel/rail dynamics was chosen because experimental and
theoretical evidence has shown that the approximately constant corrugation pitch can be associated with a
dominant mode of system vibration. This model considers only a vertical vibration mode, but could be
extended to account for other modes. The contact mechanics model is based on quasistatic microslip and
considers small linear variations about nominal nonlinear operating conditions (see Ref. [15]). The dominant
contributions for corrugation growth are assumed to come from the longitudinal components of traction, slip
and wear. The wear model is based on assuming that the rate of wear is proportional to the frictional power
dissipated.

In Song and Meehan [14] this model was altered by considering an infinite time delay between passages
(i.e. the finite pass delay in part IV of Fig. 1 is neglected) to develop an analytic solution of the profile history
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Fig. 1. Feedback model for wear-type rail corrugation.
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for multiple wheelsets traversing a bump at the same speed. The present analysis follows a more general
derivation, in that the speed may be different on successive passages. This allows insights to be gained into the
effect of varying pass speeds for a wide range of initial track profiles. Note that wheel pass frequency effects, as
investigated in Meehan and Daniel [16], are not included here in order to clarify the analysis of speed variation
effects, but may be investigated at a later date.

A modal description of the coupled wheel–rail dynamics is used to simplify the analysis and can be based on
theoretical or experimental models of the real system. Note that this general form allows any mode of
vibration (or wavelength) associated with corrugation formation to be modelled. Corrugation growth
predictions based on a modal approximation of the dominant wheel/rail mode have previously been validated
against both a comprehensive finite element model [13] and field data [17]. As an example of using the
dominant mode to model corrugation formation, a two degree of freedom description of the combined
wheel–rail dynamics and its modal approximation is provided in Meehan et al. [18]. An outline of this model is
given in Appendix A, where a modal decoupling of the vertical dynamics due to the pinned–pinned rail mode
and a contact spring is performed to yield a two degree of freedom model of the system, which can be used to
highlight the advantages of using a wide distribution of pass speeds. The equations that govern the modal
wheel and rail dynamics (representing part I in Fig. 1) are given by

€yi þ 2xioi _yi þ o2
i yi ¼

kc

mi

ðpi � 1ÞzoutnðantÞ (1)

for i ¼ 1 to M, where M is the number of modes and each yi is a component of the modal displacement of the
wheel/rail system. These relate to the actual wheel and rail displacement by

yw ¼
XM
i¼1

piyi (2)

and

yr ¼
XM
i¼1

yi. (3)

In these equations t represents time, xi is the modal damping ratio, oi is the natural frequency, mi is the
modal mass, kc is the contact stiffness, pi is the modal contribution factor, zout is the nth pass rail profile and an

is the ratio of the nth pass speed to the average pass speed.
The equation that describes the wear and contact mechanics (parts II and III in Fig. 1) is given by

zoutnþ1ðtÞ ¼ Kb

XM
i¼1

yinþ1

1

an

t

� �
ð1� piÞ

� � !
þ azoutn ðtÞ, (4)

where

a ¼ 1þ Kb (5)

and

Kb ¼
Cxkc Dz0

P0
, (6)

where P0 is the steady-state contact pressure, DZ0 is the steady-state wear per pass and Cx is the non-
dimensional sensitivity of creep variations to contact force variations. An analytic expression for Cx is derived
from Vermeulan and Johnson creep theory in Ref. [13]. DZ0 can be derived by considering the frictional work
hypothesis and in Ref. [13] is shown to be given by

Dz0 ¼
�k0

_W frict

2brV
, (7)

where k0 is the wear coefficient, r is the density, _W frict is the steady frictional power, b is the half-width of the
contact patch and V is the velocity.
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2.2. Transfer function

If the Laplace transforms of Eqs. (1) and (4) are taken, then, after some manipulation, the relationship
between the (n+1)th rail profile and nth profile in Laplace Space can be shown to be given by

Znþ1 ¼ AnZn, (8)

where

An ¼ aþ
XM
i¼1

�KbKci

a2
ns2 þ 2xioiansþ o2

i

� �
(9)

and

Kci
¼

kc

mi

ð1� piÞ
2. (10)

Here s represents the usual Laplace Space complex variable, and Z(s) is the Laplace Transform of the rail
profile z(t).

A transfer function between the initial rail profile and the nth rail profile in Laplace Space can be derived by
solving Eq. (8) for an initial profile Z0 to give,

Zn

Z0
¼
Yn

k¼1

aþ
XM
i¼1

�KbKci

a2
ks2 þ 2xioiaksþ o2

i

� � !
. (11)

Note that Eqs. (1)–(11) are similar to those developed in Song and Meehan [14], except that the variable
pass speeds result in a product over the number of passes in Eq. (11), the speed scaling factor ak has been
introduced and the sum over modes has been retained.

2.3. Frequency response

The peak of the frequency response’s amplitude ratio as a function of pass number (n) shall be investigated
to quantify the growth rate. This is equivalent to the ‘‘HN norm’’ encountered in modern control theory. This
measure of corrugation growth is useful because it is relatively simple to derive the frequency response using
the transfer function (11) and also because the HN norm has useful properties relating to the magnitude of the
corrugated profile when compared against the input profile. For example, it will be equal to the ratio of the
induced (worst-case) 2-norms of the output and input profiles in the time domain [19], making it a useful,
general measure of the expected corrugation amplitude.

This frequency response peak can also be interpreted in a more simple way as being related to the height of
the highest peak of the Fourier Transform of the corrugated output profile (however, caution should be taken
with this assumption, as the transients generated from different initial profiles can have a large effect for a
small number of passes, as is described in Song and Meehan [14]. These effects become less evident as the
number of passes becomes large).

The amplitude ratio of the frequency response of transfer function (11) can be shown to be given by

Zn

Z0
ðioÞ

����
���� ¼Yn

k¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ

XM
i¼1

�KbKci
ðo2

i � o2a2
kÞ

ðo2
i � o2a2

kÞ
2
þ 4x2i o

2
i o2a2

k

 !2

þ
XM
i¼1

�KbKci
ð2xioioa2

kÞ

ðo2
i � o2a2

kÞ
2
þ 4x2i o

2
i o2a2

k

 !2
vuut . (12)

If the assumption is made that the modes in the transfer function (11) are independent, then the following
simplified expression can be derived:

Zn

Z0
ðioÞ

����
���� ¼ an

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiYn

k¼1

ðo2
i � a2

ko
2 � KbKci

=aÞ2 þ ð2xioiakoÞ
2

ðo2
i � a2

ko
2Þ

2
þ ð2xioiakoÞ

2

 !vuut . (13)
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2.4. Probabilistic speed distribution

It is of interest to examine the behaviour of this frequency response as the number of passes becomes large
and when the speeds are distributed randomly. If the ratio of speeds, x, are distributed according to some
probability distribution, p(x), then the expected value of the frequency response can be evaluated. The
expected value of a general function, f(x), of a random variable, x, with a probability distribution, p(x), is
defined by (see for example, Ref. [20])

Eðf ðxÞÞ ¼

Z 1
�1

f ðxÞpðxÞdx. (14)

The expected frequency response can now be derived by considering the ratio of successive passes, which,
after some manipulation of Eq. (12), can be shown to be given by

Zn

Z0
ðioÞ

����
���� ¼ exp n

Z 1
�1

ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ

XM
i¼1

�KbKci
ðo2

i � o2x2Þ

ðo2
i � o2x2Þ

2
þ 4x2i o

2
i o2x2

 !2

þ
XM
i¼1

�KbKci
ð2xioioxÞ

ðo2
i � o2x2Þ

2
þ 4x2i o

2
i o2x2

 !2
vuut

0
B@

1
CApðxÞdx

2
64

3
75.

(15)

If one mode dominates the response then this can be simplified to,

Zn

Z0
ðioÞ

����
���� ¼ an

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
exp

Z 1
�1

ln
o2

i � x2o2 � KbKci
=a

� 	2
þ ð2xioixoÞ

2

ðo2
i � x2o2Þ

2
þ ð2xioixoÞ

2

 !" #
pðxÞdx

vuut
n

. (16)

The expected frequency response for a large number of passes can now be evaluated by performing the
integral in Eq. (15), or in Eq. (16) if the modes are sufficiently independent.

3. Analytic solutions

The transfer function (11) allows the analytic solution to be formed for different initial profiles and for any
chosen sequence of pass speeds. In this paper three different profiles are chosen that represent idealisations of
what is found in practice; these profiles are a sinusoid, a step and an impulse.

3.1. Solution to sine initial profile

A sinusoidal rail profile can be thought of as an approximation to a train traversing a previously corrugated
rail. In the time domain a sinusoidal profile with arbitrary amplitude, A, and angular frequency, b, is given by

zout0 ðtÞ ¼ A sin ðbtÞ. (17)

In Laplace Space it can be shown that this becomes

Z0 ¼
Ab

s2 þ b2
. (18)

Now by multiplying transfer function (11) by initial profile (18), the solution to the nth pass profile can be
found by performing a Heaviside expansion (assuming no two passes have exactly the same speed) and then
performing an Inverse Laplace Transform. The solution can then be shown to be given by

zoutn ðtÞ ¼ Ab

A1 e
�

ffiffiffiffiffiffi
�b2
p� 	

t
þ A2 e

ffiffiffiffiffiffi
�b2
p� 	

t

þ
PM
i¼1

Pn
k¼1

Bki

ak

e�oi xi�
ffiffiffiffiffiffiffiffi
x2i �1
p� 	

t=ak

þ
Pn
k¼1

Cki

ak

e�oi xiþ
ffiffiffiffiffiffiffiffi
x2i �1
p� 	

t=ak

2
6664

3
7775

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
, (19)
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where

A1 ¼ lim
sc!�

ffiffiffiffiffiffi
�b2
p wðscÞ sc þ

ffiffiffiffiffiffiffiffiffi
�b2

p
 �
, (20)

A2 ¼ lim
sc!

ffiffiffiffiffiffi
�b2
p wðscÞ sc �

ffiffiffiffiffiffiffiffiffi
�b2

p
 �
, (21)

Bki
¼ lim

sc!�xioi=ak�oi

ffiffiffiffiffiffiffiffiffiffiffi
x2i �1ð Þ

p �
ak

wðscÞ aksc þ xioi þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2i � 1

q� �
, (22)

Cki
¼ lim

sc!�xioi=akþoi

ffiffiffiffiffiffiffiffiffiffiffi
x2i �1ð Þ

p �
ak

wðscÞ aksc þ xioi �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2i � 1

q� �
, (23)

and

wðscÞ ¼
1

s2c þ b2

Yn

k¼1

aþ
XM
i¼1

�KbKci

a2
ks2c þ 2xioiaksc þ o2

i

� � !
. (24)

Eq. (19) defines the time-domain solution (which can be converted to the space domain solution
through the mean velocity) for the whole rail profile for the nth pass. Note that the equations for the
coefficients (20)–(23) may appear to go to zero, but the term in brackets will cancel with a term in the
denominator of Eq. (24).

3.2. Solution to step initial profile

A step initial profile can be thought of as an idealisation of a wheelset traversing a finite step of a long
duration, such as going from one rail section and then onto another that is at a slightly different height
(perhaps due to a different rail material hardness). It can also be thought of as an initial displacement
perturbation to the wheelset on a flat section of track.

Mathematically this step profile in Laplace Space will be given by

Z0 ¼
A

s
, (25)

where the step occurs at the time origin and A is the step height. Again by multiplying Eq. (11) by Eq. (25) the
nth pass profile in Laplace Space can be found, and by performing a Heaviside expansion and taking the
Inverse Laplace transform, the time-domain solution can also be found, giving,

zoutn ðtÞ ¼ A
A1

s
þ
XM
i¼1

Pn
k¼1

Bki

ak

e�oi xi�
ffiffiffiffiffiffiffiffi
x2i �1
p� 	

t=ak

þ
Pn
k¼1

Cki

ak

e�oi xiþ
ffiffiffiffiffiffiffiffi
x2i�1
p� 	

t=ak

2
6664

3
7775

8>>><
>>>:

9>>>=
>>>;
, (26)

where in this case

A1 ¼ lim
sc!0

wðscÞsc, (27)

Bki
¼ lim

sc!�xioi=ak�oi

ffiffiffiffiffiffiffiffiffiffiffi
x2i �1ð Þ

p �
ak

wðscÞ aksc þ xioi þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2i � 1

q� �
, (28)

Cki
¼ lim

sc!�xioi=akþoi

ffiffiffiffiffiffiffiffiffiffiffi
x2i �1ð Þ

p �
ak

wðscÞ aksc þ xioi �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2i � 1

q� �
(29)
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and

wðscÞ ¼
1

sc

Yn

k¼1

aþ
XM
i¼1

�KbKci

a2
ks2c þ 2xioiaksc þ o2

i

� � !
. (30)

3.3. Solution to impulse initial profile

The last profile to be considered is an impulse profile. This is an idealisation of a wheelset traversing a small
bump or dip of finite duration, such as going over a small weld. Mathematically this will be represented as a
delta function, which for convenience will be set at the time origin.

It can be shown that the impulse profile solution will be equal to the time derivative of the time-domain step
solution, the only difference being that in this case the coefficient A in Eq. (26) will be given by

A ¼

Z 1
�1

dðtÞdt. (31)

Thus the solution will be given by

zoutnðtÞ ¼ A

A1d0ðtÞ

�
PM
i¼1

Pn
k¼1

oi xi�
ffiffiffiffiffiffiffiffi
x2i �1
p� 	

Bki

a2
k

e�oi xi�
ffiffiffiffiffiffiffiffi
x2i �1
p� 	

t=ak

þ
Pn
k¼1

oi xiþ
ffiffiffiffiffiffiffiffi
x2i �1
p� 	

Cki

a2
k

e�oi xiþ
ffiffiffiffiffiffiffiffi
x2i �1
p� 	

t=ak

2
66664

3
77775

8>>>>>>><
>>>>>>>:

9>>>>>>>=
>>>>>>>;
, (32)

where the coefficients are the same as those given in Eqs. (27)–(30).

3.4. Demonstration that same speed passes give an upper bound on corrugation growth

In this section, it is shown that maximum corrugation growth occurs under the case of same speed
passes. This is demonstrated by showing that the peak of the magnitude of the frequency response is the
highest when same speed passes are used. This useful measure of corrugation growth, as discussed in Section
2.3, can be mathematically interpreted as the maximum of the ratio of 2-norms of the output and input. It
follows that different speeds will result in a corrugation growth that is less than or equal to the same speed
growth rate.

First, consider that the transfer function for same speed passes between input (initial profile, Z0) and output
(wear after n passes, Zn) is given by

GðsÞ ¼ aþ
XM
i¼1

�KbKci

s2 þ 2xioisþ o2
i

� � !n

. (320)

Whereas the transfer function for different pass speeds is given by

HðsÞ ¼
Yn

k¼1

aþ
XM
i¼1

�KbKci

a2
ks2 þ 2xioiaksþ o2

i

� � !
. (33)

An upper bound on the magnitude of the corrugation that develops will be given by the greatest peak in the
frequency domain of these transfer functions, i.e.

jjF ðsÞjj1 ¼ sup
o
jF ðioÞj. (34)

Now note the result that (see Ref. [21])

jðF ðioÞÞnj ¼ jF ðioÞj:jF ðioÞj . . . jF ðioÞj ¼ jF ðioÞjn:0 (35)
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Therefore if Eq. (32) is written as

GðsÞ ¼ ðGnðsÞÞ
n. (36)

It can be immediately seen that

jjGðsÞjj1 ¼ ðjjGnðsÞjj1Þ
n. (37)

This means that (for same speed passes) the frequency peak after n passes is the nth power of the first pass
peak. Also note that if the first peak height is greater than 1 (which it is in the typical railroad case because it is
under-damped) then the transfer function is unstable in n (as the peak height goes to infinity with n).

Now to make use of the result (see Ref. [19]) that

jjAðsÞBðsÞjj1pjjAðsÞjj1jjBðsÞjj1, (38)

first Eq. (33) is rewritten as

HðsÞ ¼
Yn

k¼1

HkðsÞ. (39)

Now note that Hk(s) can be scaled such that

HkðpksÞ ¼ GnðsÞ, (40)

thus it can be seen that

jjHkðsÞjj1 ¼ jjGnðsÞjj1, (41)

because a scaling of s will only affect the placement of the peak and not the height. If result (41) is applied into
Eq. (38) iteratively we can see that

jjHðsÞjj1pjjGðsÞjj1. (42)

This shows that for a distribution of speeds the upper bound on the peak height is the peak height for same
speed passes, and we would generally expect that the peak height would be lower than this upper bound for
large n. This proof is valid for a linear model of corrugation formation where the time between passes is large
enough that there is little interaction between wheelsets (i.e. it neglects wheel pass frequency effects).

This proof shows that even though different speeds may excite different modes of vibration, the resulting
growth rate will always be less than or equal to the variable speed growth rate, provided the frequency domain
dynamics do not change with vehicle speed. This assumption may be invalid in the general sense, for example
the pinned–pinned resonant frequency may change as the train speed approaches the transverse wave speed of
the rail, as discussed in Sheng et al. [22], however, the range of the distribution of speeds will typically only be
a fraction of the mean speed and thus any change in the frequency response is only likely to be small over the
distributed speed range. Therefore the assumption should be a valid approximation, particularly so for low
mean speeds with small variance.

4. Results

The first part of the results section will detail the correlation between these analytic solutions and the
outputs given by a numerical straight track simulation, which is described in Meehan et al. [18], where both
models use two modes. The second part will show the growth rate reduction predicted by Eq. (16) for three
sample probability distributions.

4.1. Comparisons with numerical simulations

To compare the analytic solutions with numerical simulations, the same sequence of randomly generated
pass speeds were used in both the numerical model and the analytic model. The coefficients used were
generated from realistic physical data, as shown in Table 1. The Fourier transforms of these profiles were
then taken, so that the frequency content of the signals could be compared. Some sample plots can be seen in
Figs. 2 and 3. These plots show the results obtained for the rail profile in space and frequency domains by
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Table 1

Railway parameters for simulation

Mean speed (m/s) 22.22 Track length (m) 6

Wheel mass (kg) 350 Rail density (kg/m3) 7700

Wheel radius (m) 0.46 Rail radius (m) 0.3

Wheel load (kN) 66 Coeff. of friction 0.4

Young’s modulus (steel) (N/m2) 2.1� 1011 Primary rail damping ratio 0.01

Poisson’s ratio 0.3 Contact damping ratio 0.0021

Shear modulus (Pa) 7.7� 1010 Sleeper spacing (m) 0.6

Sine amplitude (m) 20� 10�6 Sine wavelength (m) 0.025

Bump length (m) 0.001 Bump height (m) 100� 10�6

Step height (m) 10� 10�6 Wear coeff. (kg/Nm) 5� 10�9

Wear acceleration factor 1000
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Fig. 2. Numerical ( � � � ) and analytic (–) rail profile solutions for impulse profile after 50,000 passes: (a) 2.5%, (b) 5% and (c) 10%

standard deviation in speed.
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using an impulse initial profile. The plots also show speed distributions with different standard deviations in
speed, to highlight the effect that speed distribution has on growth rate. Plots of the numerical and analytic
solutions are shown overlaid; note that the high degree of correlation makes it difficult to discern the
difference between the analytic and numerical solutions.

These plots give a good indication of typical results obtained when comparing these analytical
solutions to results from the numerical simulator for the sinusoidal and step profiles, which have
been omitted for the sake of brevity. The high correlation between these results gives confidence
in the validity of both the numerical methods used and of the approximations used to derive the analytic
solution.

To show more detail of the frequency spectra plots and also to highlight the interesting effect that
speed distribution has on the growth rate of corrugations, Fig. 4 shows the low frequency peak
(at approximately 300Hz) of the Fourier transform of the output profile for a sequence of normally
distributed speeds, but with each having a different standard deviation. This peak was chosen as it is the
largest peak due to the dynamic wear. It can be seen that for all the initial profiles considered the same trend is
observed that the larger the standard deviation the lower the growth rate. This is investigated further in the
next section.

In Fig. 4 there is some difference between the analytic and numerical peak height (particularly for the step
profile for a 2.5% standard deviation speed distribution), most likely due to the resolution of the fast Fourier
transform. Overall the numerical and analytic results show good agreement for the growth of the highest
amplitude peak of the Fourier transform.

4.2. Growth rate reduction

To find out the expected frequency response for a distribution of pass speeds, the integral in Eq. (16) can be
evaluated either numerically or analytically. To investigate the growth rate reduction for different distribution
properties, three different probability distributions have been examined. They are a uniform distribution, a
triangular distribution and a normal distribution.

A uniform distribution gives an equal probability to all pass speeds within a certain range and is defined by

pðxÞ ¼
1

c2 � c1
for c1pxpc2 (43)

and zero everywhere else.
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A triangular distribution is defined by

pðxÞ ¼

2ðx� aÞ

ðb� aÞðc� aÞ
for apxpc;

2ðb� xÞ

ðb� aÞðb� cÞ
for cpxpb

8>>><
>>>:

(44)

and zero outside a and b. In Eq. (44) coefficient a represents the lower bound, coefficient b is the upper bound
and coefficient c is the mode. In this paper triangular distributions that are symmetrical about the mode have
been used.

A normal distribution is given by

pðxÞ ¼
1

s
ffiffiffiffiffiffi
2p
p e�ðx�mÞ

2=2s2 , (45)

where s is the standard deviation and m is the mean.
To calculate the expected frequency response, Eqs. (43)–(45) can be used in Eq. (16) and the integral

evaluated numerically. The peak of the frequency response, which shall be denoted by

Zn

Zn�1



1

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max
o

Zn

Z0
ðioÞ

����
����n

s
, (46)

can then be found and plotted against a distribution property. The growth rate Gr is then defined by

Gr ¼
Zn

Zn�1



1

� 1, (47)

as in Meehan et al. [13], and as stated previously we can relate this to the worst-case ratio of the 2-norms of the
output and input profile, which will grow like,

Zn

Zn�1



1

� �n

¼ ð1þ GrÞ
n. (48)

As mentioned previously, for some initial profiles (in particular an impulse profile or a corrugated profile
with a frequency close to the expected resonant frequency of the system), this will also describe the growth of
the peak of the frequency spectrum of the output profile.

To show the validity of this analysis, Fig. 5 shows the theoretically expected growth rate for a normal
distribution versus the distribution’s standard deviation (the solid line). Also plotted is the average growth rate
obtained from numerical simulations, where an impulse initial profile has been used with the same parameters
that are shown in Table 1.

This growth rate was obtained by evaluating multiple runs of 100 accelerated wear passes (equivalent to
100,000 real passes), all generated with normally distributed pass sequences of a fixed standard deviation, and
then averaging these growth rates. Similar plots have been obtained for triangular and uniform distributions.
It can be seen that there is a good relationship between the theoretical growth rate and the growth rate
obtained by the numerical simulations and also that the results are consistent with growth rate predictions in
[13] for s ¼ 0. Accelerated wear passes have been used (by artificially increasing the wear coefficient) because it
significantly reduces computation times and introduces negligible error. Using Eq. (48) it is shown in
Appendix B that the error in this assumption can be approximated by

% error � 100
n

2
ðF � 1Þ


 �
G2

r , (49)

where F is the wear acceleration factor. In these examples the maximum error induced by this assumption will
be roughly 0.5%.

To show comparisons between these different distributions a common property of all the distributions is
required. The two methods of comparison that have been examined in this paper are matching the variance of
the three distributions and matching the width in which 95% of all passes will occur.
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The variance is defined by

s2 ¼
Z
ðx� mÞ2PðxÞdx, (50)

where s2 is the variance and m is the mean of the distribution. The variance can be thought of as the standard
deviation squared.

Fig. 6 shows the distributions when the variances are matched and also shows the expected growth rate
reduction for all three of these distributions when considering the variance.

All three distributions share the property that a wider variance results in a lower growth rate, with the
greatest reduction being achieved by a triangular distribution and the lowest reduction given by the uniform
distribution.
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To serve as another basis for comparison of the growth rate reduction, the distributions were compared by
matching the width in which 95% of passes will occur. This is intended to give a relative size comparison
between the distributions. Fig. 7 shows the three distributions with matched 95% width and the growth rate
reduction for the three distributions of equivalent width is shown, which follows the same trend as the
matched variance case.

Figs. 6 and 7 show that, for all the distributions considered, the theoretical growth rate can be reduced by a
significant amount by increasing the ‘‘width’’ of the speed distributions. As an example of this, consider two
sequences of normally distributed pass speeds, with the same mean, but 2% and 4% standard deviations.
Using Eq. (48) and the data shown in Fig. 5, it can be shown that it will take approximately two times the
number of passes for the corrugation amplitude to reach the same height. The same is approximately true for
4% and 8% standard deviations, etc. Thus a substantial reduction in the theoretical growth rate appears
achievable.

It is observed that the broadness of the frequency response peak may reduce the effect of speed variation.
This can be seen in Fig. 8 where the growth rate reduction for a normal distribution is plotted for various
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damping values. In this figure the damping used in Table 1 has been increased by two and five times,
broadening the frequency response.

From this figure it can be seen that speed variation becomes less effective as the damping is increased. This
effect can be more clearly seen if the predicted increase in grind interval is considered, that is the factor by
which the theoretical time between grind intervals will be increased when compared against no speed
variation. For example, if at a certain site there is no speed variation and corrugations reach an amplitude that
requires regrinding every year and then speed variation is introduced with a factor of increase f, it will now
take f years for corrugations to reach the same amplitude. This factor of increase in grind interval is shown in
Fig. 9.

This shows that speed variation will increase the predicted grind interval by a considerable amount, even for
the highly damped condition. As an example of the effectiveness of speed variation, the five times nominal
damping example will still have a factor of increase in grind interval of approximately three for a 5% standard
deviation in speed, which is considerably raised. This would result in grinding costs per annum being reduced
to a third of their previous value. It should also be noted that increasing the damping also reduces the growth
rate when there is no speed variation, as discussed in Meehan et al. [13].

In reality a specific site will already have a nominal standard deviation in speed, s, due to driver behaviour
and track conditions. The site will also have a corrugation growth rate that is a function of the nominal
standard deviation in speed and thus a nominal time for corrugations to reach a certain height. If this standard
deviation in speed is increased to s+Ds, the growth rate will be lowered and the time for the corrugation
amplitude to reach a certain height will be increased. The ratio of these two growth times will give a factor of
increase in grind interval. This factor of increase in grind interval relative to nominal standard deviation, s, for
a change in standard deviation, Ds, is plotted in Fig. 10, where contours represent integer values of increase;
i.e. twice as long to reach the same height, three times as long, etc.

From this figure it can be seen that it is roughly the case that doubling the standard deviation will double the
time for corrugations to reach the same height, which would significantly reduce grinding costs.

It is also of interest to note the influence that speed variation exerts on the wavelength at which corrugations
will form. In Fig. 11 the amplitude ratio of the expected frequency response defined by Eq. (16) is calculated
for a range of normally distributed speeds.

It can be seen that as the distribution is widened (by increasing the standard deviation), not only does the
peak of the amplitude ratio lower but it also shifts the peak’s position in wavelength, thus lowering the
wavelength of corrugation that would be expected to dominate. This effect is due to each different pass speed
effectively making the frequency response of the system more sensitive to a different input wavelength. This
means that the system will be less sensitive to the wavelength of corrugation that was previously formed by the
last wheelset pass, so that the dynamic feedback mechanism responsible for corrugation growth is disrupted.
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In the long term this leads to a broader wavelength spectrum of corrugation formation with a lower peak
height, as each pass creates it own peak at a different wavelength that will be small because the forcing will be
more likely to be off resonance.

5. Conclusions

An analytical solution for variable speed passes for three different initial rail profiles has been developed.
These solutions show very good agreement with numerical simulations. The frequency spectra of these
solutions, obtained by using a fast Fourier transform, are also in agreement. These solutions show that, for all
the initial profiles considered, the properties of the probability distribution of speeds has a large effect on the
growth rate of the corrugations. A frequency domain expression, derived from the analytic model using
probability theory, shows good agreement with the numerical and analytical models and also allows for
quantitative analysis of the growth rate reduction. Results of this analysis for realistic parameters indicate that
substantial reductions in growth rate may be achieved by increasing the ‘‘width’’ of the speed distribution,
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such as by increasing the standard deviation. It has also been shown that increasing the breadth of the
frequency response appears to make speed distribution less effective at reducing the growth rate, but large
reductions in growth rate still occur. A demonstration has been given showing that same speed passes result in
the largest possible corrugation growth rate. Also the effect that speed distribution has on the wavelength at
which corrugations may form has been shown.

A possible limitation of the variable speed model as a whole is that it does not take account of nonlinear
behaviour, and is thus limited to small amplitude corrugation growth.

While these results show that there is a good correlation between analytical and numerical models,
the validity when compared to real systems still needs to be evaluated. This will be tested in studies currently
being planned, using both field data and an experimental test rig. Extensions of this work that are under
consideration are the investigation of 3D cornering conditions and the inclusion of wheel pass frequency
effects.
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Appendix A

Consider the approximate model for the vertical wheel/rail dynamics given in Fig. 12. Assuming that the
wheel is acting like a linearised contact spring and is exciting the first pinned–pinned rail mode, it can be
shown via Newton’s Laws that the combined dynamics will be given by the following system of equations:

mw €yw þ cc _yw þ kcyw � cc sin
pe

L


 �
_q� kc sin

pe

L


 �
þ cc

pV

L
cos

pe

L


 �� �
q ¼ kchðxÞ þ cc

_hðxÞ, (51)

M1 €q� cc sin
pe

L


 �
_yw þ C1 þ cc sin

2 pe

L


 �
 �
_q� kc sin

pe

L


 �
yw

þ K1 þ kc sin
2 pe

L


 �
þ cc

pV

L
sin

pe

L


 �
cos

pe

L


 �� �
q ¼ �ðkchðxÞ þ cc

_hðxÞÞsin
pe

L


 �
, (52)

where mw is the unsprung wheel mass, M1 is the modal rail mass, cc is the contact damping, C1 is the modal rail
damping, kc is the contact stiffness, K1 is the modal rail stiffness, L is the sleeper spacing, V is the train speed, e

is a longitudinal coordinate measured from the first sleeper and z(x) is the rail corrugation profile.
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Fig. 12. Schematic diagram representing simplified vertical wheel/rail dynamics.
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Now assuming that the system damping is small or approximately proportional and the vibrations are small
enough to be regarded as linear, a modal decoupling of the equations of motion can be performed to yield
dynamics of the form of Eqs. (1)–(3). Based on the simple two degree of freedom model given by Eqs. (51) and
(52) the modal natural frequencies can be found from,

o2
i ¼

o2
0

2
1þ O2ð1þMÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ O2ð1þMÞÞ2 � 4O2

q� �
, (53)

where the primary natural frequency is that of the pinned–pinned rail natural frequency and is given by

o2
0 ¼

K1

M1
(54)

and the non-dimensional mass and frequency ratios are given by

O2 ¼
M1kc

mwK1
and M ¼

mw

M1
. (55)

The modal participation factors used to decouple the equations of motion can be expressed as

pi ¼
MO2 þ 1� ðoi=o0Þ

2

MO2
. (56)

The modal masses may be calculated as

mi ¼ p2
i mw þM1. (57)

Similarly the modal damping can be found from

zi ¼ z0
1þ ZMOðpi � 1Þ2

ðoi=o0ÞðMp2
i þ 1Þ

, (58)

where the primary system damping ratio is that of the pinned–pinned rail mode, expressed as

z0 ¼
C1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
M1K1

p (59)

and the non-dimensional damping ratio parameter is given by

Z ¼
cc

C1

ffiffiffiffiffiffiffiffiffiffiffiffiffi
M1K1

mwkc

r
. (60)

Appendix B

To develop the estimate in Eq. (49) for the error in using a wear acceleration factor, consider that the profile
ratio over multiple passes is given by Eq. (48),

Zn

Zn�1



1

� �n

¼ ð1þ GrÞ
n.

To increase the speed of computations the wear coefficient, k0, is artificially increased by multiplying by a
factor F. According to the analytic solution for the growth developed in Ref. [13] the growth rate, Gr, will
correspondingly increase, allowing a reduction in the number of passes required, giving

Zn

Zn�1



1

� �n

accel

¼ ð1þ FGrÞ
n=F . (61)

Hence, using Eqs. (48) and (61) the percentage error between the real corrugation growth and the
accelerated growth is given by

% error ¼ 100
ð1þ FGrÞ

n=F

ð1þ GrÞ
n � 1

 !
. (62)

Eq. (62) can be further simplified by looking at a truncated series expansion, which gives Eq. (49).
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